Let H be a Hilbert space with inner product (·,·) and · norm, and let K be weakly compact a subset of H. Let T : K → K be nonlinear mapping and I : K → K be a nonlinear bounded mapping. In this paper, we define the I -asymptotically quasi-nonexpansive mapping in Hilbert space. If T is an I -asymptotically quasi-nonexpansive mapping, then we prove that 1 n n−1 i=0 T i u, for u ∈ K as n → ∞, is weakly almost convergent to its asymptotic center.
Introduction
Throughout this paper, we assume that H is a real Hilbert space with inner product (·,·) and · norm. The basic concepts and properties in the theory of Hilbert spaces are given in [1] .
Let K be a nonempty subset of H real Hilbert space and T : K → K be a nonlinear mapping. Let F (T ) = {u ∈ K: T u = u} be denoted as the set of fixed points of a mapping T .
A mapping T : K → K is called nonexpansive provided
for all u, v ∈ K and k 1. T is called asymptotically nonexpansive mapping if there exists a sequence {λ k } ⊂ [0, ∞) with lim k→∞ λ k = 0 such that
for all u, v ∈ K and k 1. The asymptotically nonexpansive mapping was defined as original by Goebel and Kirk [5] . In [5] , they proved that every asymptotically nonexpansive mapping T : K → K has a fixed point when E is uniformly convex Banach space. Let T , I :
T is called I -asymptotically nonexpansive on K if there exists a sequence {λ k } ⊂ [0, ∞) with lim k→∞ λ k = 0 such that
The concept of quasi-nonexpansive mapping was initiated by Tricomi in 1916 for real functions. The quasi-nonexpansive mapping in Banach spaces was studied by Diaz and Metcalf [2] and Dotson [3] . Recently, this concept was given by Kirk [6] in metric spaces which we adapt to Hilbert space as following: T is called quasi-nonexpansive mapping provided
for all u ∈ K and f ∈ F (T ) and k 1. T is called asymptotically quasi-nonexpansive mapping if there exists a sequence {λ k } ⊂ [0, ∞) with lim k→∞ λ k = 0 such that
for all u ∈ K and f ∈ F (T ) and k 1.
Remark 1.1. From above definitions, it is easy to see that if F (T ) is nonempty, a nonexpansive mapping must be quasi-nonexpansive, and an asymptotically nonexpansive mapping must be asymptotically quasi-nonexpansive. But the converse does not hold.
There have been a number of recent results on fixed points on nonexpansive and quasinonexpansive mappings in Banach spaces and metric spaces. Recently, concerning the problem of iterative sequences for asymptotically nonexpansive mappings or asymptotically quasinonexpansive mappings converging to some fixed points have been considered by many authors. For example of these papers, the strong and weak convergence of the sequence of certain iterates to a fixed point of quasi-nonexpansive maps were studied by Petryshyn and Williamson [9] . In particular, the weak and strong convergence of iterates sequence for various special cases of quasi-nonexpansive and one-set and/or one-ball contractive mappings were discussed by Petryshyn and Williamson [9] . Their analysis was connected with the convergence of Mann iterates studied by Dotson [3] . Subsequently, the convergence of Ishikawa iterates of quasinonexpansive mappings in Banach spaces was discussed by Ghosh and Debnath [4] . Their paper was concerned with the convergence of Ishikawa iterates of quasi-nonexpansive mappings in a Banach space. The above results and obtained some necessary and sufficient conditions for Ishikawa iterative sequence to converge to a fixed point for asymptotically quasi-nonexpansive mappings was extended by Liu [7] .
The aim of our study is to prove weakly convergence theorem for I -asymptotically quasinonexpansive mapping in Hilbert space. We will benefit from the following condition (1) having been given in [8] with a different approximation from above results improved by various authors. In order to prove weak nonlinear ergodic theorem for I -asymptotically quasi-nonexpansive mapping, we shall give definition of I -asymptotically quasi-nonexpansive mapping and use the condition (1) as a tool to prove our main result. Furthermore, we also give stronger condition than R-weakly commuting stated in Shahzad's study [10] to prove our main result. If T is Iasymptotically quasi-nonexpansive mapping and I is bounded, then using condition (1), we prove that {T n u} is weakly almost convergent to its asymptotic center. For every u ∈ K, the weak limit of 1 n n−1 i=0 T i u coincides with the asymptotic center of {T n u}. We consider our main result in two case. In condition (1), we consider the case c = 0 and F (T ) ∩ F (I ) = ∅ and the case c > 0 and F (T ) ∩ F (I ) = ∅. Therefore, under these cases, it is sufficient to prove that {T n u} is weakly almost convergent to its asymptotic center.
First, we give the following some definitions and statements to use in our weak convergence theorem and then, we present our main result.
Let {x n } be a bounded sequence in Hilbert space H. There exists a unique element y ∈ H such that lim n→∞ x n − y < lim n→∞ x n − z for every z ∈ H \ {y}. The element y is called the asymptotic center of {x n }.
In [8] , it was showed that the following condition (1) for every u ∈ K, {T n u} is weakly almost convergent, as n → ∞, to its asymptotic center.
Assume that for every bounded set B ⊂ K and integer k 0 there exists a δ k (B) 0 with lim k→∞ δ k (B) = 0 such that We need the following well-known lemma to prove our main theorem.
Lemma 1.1. [8]
Let {x n } be a sequence in H and let { x n } be convergent, then the following (i)-(iii) are mutually equivalent:
Remark 1.2. If {x n } satisfies the equivalent conditions above and { x n } is convergent, then {x n } is weakly almost convergent to its asymptotic center.
The main result in this paper is stated as follows.
The main result
Let H be a Hilbert space with inner product (·,·) and · norm, and let K be weakly compact a subset of H. 
for all u, v ∈ K and for every f ∈ F (T ) ∩ F (I ) and k 0. 
If the above conditions satisfy, i.e. let c = 0 and F (T ) ∩ F (I ) = ∅ or let c > 0 be in (q1) condition, then for all u ∈ K, {T n u} is weakly almost convergent, as n → ∞ to its asymptotic center.
Proof. We consider the case c = 0 and F (T ) ∩ F (I ) = ∅.
Let f ∈ F (T ) ∩ F (I ) and B be bounded subset of K. We have from condition (2) the following:
There exists a sequence {λ k } ⊂ [0, ∞) with lim k→∞ λ k = 0 and for every bounded set B ⊂ K there exists a δ k (B) 0 with lim k→∞ δ k (B) = 0 such that
for all u, v ∈ K and k 0. For every bounded set B ⊂ K, u, v ∈ B and integer k 0, where λ k and p are nonnegative constants with lim k→∞ λ k = 0, and p 1. Set B = {x, f }. We rewrite in condition (3) u = x, v = f ∈ F (T ) ∩ F (I ) then we have
for k 0. Since f ∈ F (T ) ∩ F (I ), we write
Since I is bounded, {T n x} is bounded. Now, assume B = {T n x: n 0} ∪ {f }. Then we rewrite condition (3) the following
since for n 0, { T n x } is convergent, lim n,m→∞ λ n−m = 0, lim n,m→∞ R p n−m = 1 and lim n,m→∞ δ n−m (B) = 0.
Since for p = 2 it is satisfied (iii) in Lemma 1.1, then for all u ∈ K, {T n u} is weakly almost convergent, as n → ∞ to its asymptotic center. 2 Corollary 2.1. In particularly, if T is an I -asymptotically quasi-nonexpansive mapping, then for all u ∈ K, {T n u} is weakly almost convergent, as n → ∞ to its asymptotic center.
